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Abstract—In this work we analyze three quantum communi-
cation schemes for the generation of Gaussian entanglement be-
tween two ground stations. Communication occurs via a satellite
over two independent atmospheric fading channels dominated by
turbulence-induced beam wander. In our first scheme the engi-
neering complexity remains largely on the ground transceivers,
with the satellite acting simply as a reflector. Although the
channel state information of the two atmospheric channels
remains unknown in this scheme, the Gaussian entanglement
generation between the ground stations can still be determined.
On the ground, distillation and Gaussification procedures can be
applied, leading to a refined Gaussian entanglement generation
rate between the ground stations. We compare the rates produced
by this first scheme with two competing schemes in which
quantum complexity is added to the satellite, thereby illustrating
the trade-off between space-based engineering complexity and
the rate of ground-station entanglement generation.
I. INTRODUCTION
Although current quantum communication systems are lim-
ited to relatively small scales, it is widely anticipated that next-
generation quantum networks will in some capacity invoke
the concept of free-space optical (FSO) communications (for
review see [1]) in order to extend the communication range.
Coupled to this, is the growing belief that space-borne quan-
tum transceivers will soon make full blown global quantum
communications an engineering reality [2]–[12]. While it
remains to be seen whether FSO quantum communications
will be dominated by discrete single photon (qubit) technology,
multi-photon continuous variable (CV) technology, or even
some hybrid of both technologies [13], it is important to fully
understand the capabilities of both types of technologies in the
free-space channel.
Previous work in the satellite quantum communication
scenario has largely focussed on qubit technologies. In this
work we will focus on the CV scenario, with the aim of
assessing some of the different CV quantum-communication
architectures that could be deployed through atmospheric
fading channels. Our specific interest will be on the distri-
bution of Gaussian quantum entanglement over the different
architectures. Gaussian entanglement between quantum states
has been widely recognized as a basic resource for quantum
information processing and quantum communications (for
review see [14]–[17]). Here, we will analyze three different
space-based schemes that will allow for Gaussian entangled
states to be shared at separate ground stations.
In our first scheme, referred to as direct transmission
entanglement, no quantum technology is deployed at the
satellite - the satellite is utilized simply in a reflector mode
[18]. The main motivation for this is that quantum engineer-
ing is a highly sophisticated business, demanding leading-
edge technology. Having such technology based in hard-to-
reach satellite systems could potentially make global quantum
communication systems less reliable (due to the rarity of
maintenance), and costly to update as new quantum technology
matures. Relatively speaking, one could consider a reflection
at the satellite as a low space-based-complexity system. In
this system a two-mode entangled squeezed state is generated
at ground station A, with one component of the beam held
at A and the other component transmitted to ground station
B via a low-earth-orbit (LEO) reflecting relay satellite. As
a proof of concept on the reflecting paradigm, we note the
recent experimental tests of [11], [12] in which photons were
reflected (and subsequently detected) off a LEO satellite.
The other schemes we study can be considered as high
space-based-complexity in that they involve the deployment
of quantum technology at the satellite. Our second scheme,
referred to as satellite-based entanglement, invokes entangle-
ment generation in the satellite itself with subsequent transfer
to the ground stations directly. Our third scheme, referred to as
entanglement swapping, utilizes on-board Gaussian entangle-
ment swapping between arriving beams of photons entangled
with (and emitted by) separate ground stations. All three of
our schemes are illustrated in Fig. 1.
In all schemes, the transmitted beam will encounter fluctu-
ations (fading) caused by its traversal (twice) through the at-
mosphere. Among the many unwanted disturbances in realistic
atmospheric channels, we will concentrate here on transmis-
sion fluctuations caused by beam wander, an effect anticipated
to dominate the noise contributions in many scenarios [1], [19],
[20].
It is the first aim of this work to provide a quantitative
assessment, in terms of resulting Gaussian entanglement, of
the low space-based-complexity scheme in relation to the two
high space-based-complexity schemes. A second aim of our
work is to explore post-processing strategies that can occur
at the receiving ground stations. Due to the fluctuating fading
channels traversed by the beams, a non-Gaussian mixed state
is produced. At the receiver a post-selection strategy can
be deployed in order to distill (concentrate) the Gaussian
entanglement between the two ground stations. Such post-
selection strategies could be based on quantum measurement
techniques, or on classical measurements of the channel
transmittance. However, such classical measurements of the
channel transmittance will require additional complexity in
the transmission/detection strategy. We will be specifically
interested in investigating the gain in Gaussian entanglement
obtained by the inclusion of this additional classical complex-
ity.
Note that, although largely motivated by the use of FSO
in the scenario of satellite quantum communications to/from
terrestrial ground stations [2]–[12], our results are applicable
to a range of FSO links such as high altitude platform (HAP)-
to-satellite quantum links [21] and aircraft-to-ground quantum
links [22]. The range of atmospheric channels we study will
cover all of these different quantum communication scenarios.
The structure of the remainder of this paper is as follows.
In Section II, the basic concepts of Gaussian quantum states
are introduced, and our three transmission schemes over
terrestrial-satellite fading channels are analyzed in terms of
output covariance matrices. In Section III, the performances of
the three schemes are compared in terms of output Gaussian
entanglement. In Section IV, we discuss the impact of the
post-selection strategy utilized at the ground stations. Finally,
concluding remarks and future research directions are provided
in Section V.
II. QUANTUM COMMUNICATION OVER FADING CHANNELS
In the following we discuss the three quantum communica-
tion schemes of Fig. 1, but first introduce some features that
will be needed for their description.
For a single bosonic mode with annihilation and creation
operators aˆ, aˆ†, the quadrature operators qˆ, pˆ are defined by
qˆ = aˆ + aˆ† , pˆ = i(aˆ† − aˆ ) which satisfy the com-
mutation relation [qˆ, pˆ] = 2i (here ~ = 2). The vector
of quadrature operators for a quantum state with n modes
can be defined as Rˆ1,...,n = (qˆ1, pˆ1, . . . , qˆn, pˆn ). Similarly,
R1,...,n = (q1, p1, . . . , qn, pn ) is defined for the real variables
q, p - the eigenvalues of the quadrature operators.
We will discuss both non-Gaussian and Gaussian states,
the latter being states whose Wigner function is a Gaussian
distribution of the quadrature variables. Gaussian states are
completely characterized by the first moment of the quadrature
operators
〈
Rˆ1,...,n
〉
and a covariance matrix (CM) M , i.e. a
matrix of the second moments of the quadrature operators as
Mij =
1
2
〈
RˆiRˆj + RˆjRˆi
〉
−
〈
Rˆi
〉〈
Rˆj
〉
. (1)
The CM of an n-mode quantum state is a 2n × 2n real and
symmetric matrix which must satisfy the uncertainty principle,
viz., M + iΩ ≥ 0, where
Ω :=
n⊕
k=1
ω =


ω
.
.
.
ω

 , ω :=
(
0 1
−1 0
)
. (2)
By local unitary operators, the first moment of every two-
mode Gaussian state can be set to zero and the CM can be
Fig. 1. (Color online) Entanglement generation schemes. (a) is the direct
transmission scheme where reflection is used at the satellite. (b) is a scheme
where entangled photon generation takes place directly in the satellite and
then distributed in separate downlinks to the ground stations. (c) is a scheme
in which the Gaussian entangled states are transmitted independently through
two fading channels from two ground stations to the satellite. They are then
swapped via a Bell-measurement at the satellite, resulting in creation of a new
entanglement between the ground stations.
transformed into the following standard form
Ms =
(
A C
CT B
)
, (3)
where A = aI , B = bI , C = diag (c+, c−), a, b, c+, c− ∈
R, and I is a 2× 2 identity matrix. Considering the standard
form, the symplectic spectrum of a partially transposed CM is
given by
ν± =
√
∆±√∆2 − 4 detMs
2
, (4)
where ∆ = detA+ detB − 2 detC. A quantitative measure
of Gaussian entanglement can be derived in terms of the log-
arithmic negativity E
LN
(Ms) = max [0,−log2 (ν−)], where
ν−, as given above, is the smallest symplectic eigenvalue of
the partially transposed CM [14].
In free-space channels the transmittance fluctuates due to
atmospheric effects. Such fading channels can be character-
ized by a distribution of transmission coefficients η with a
probability density distribution p(η). The main contributors to
transmission losses in free-space quantum communication are
atmospheric turbulence, diffraction, scattering, and absorption.
Diffraction, scattering, and absorption are all wavelength de-
pendent, and to a large extent can be mitigated by an appropri-
ate choice of communication wavelength [1], [8]. Atmospheric
turbulence arises due to random fluctuations in the refractive
index caused by stochastic temperature variations. This effect
leads to beam wandering as well as beam broadening [1],
[8]. In this paper, we take the usual assumption that trans-
mittance fading is largely dominated by beam wander [1],
[19], [20], [23]. Beam wandering causes the beam center to
be randomly displaced from the aperture center in the receiver
plane. Assuming that the beam-center position is normally
distributed with variance σ2b around a point at a distance
of d from the aperture center, the beam-deflection distance
fluctuates according to the Rice distribution, which results in
the probability density distribution p (η) being given by the
log-negative generalized Rice distribution [19]. Unlike ear-
lier models, e.g. the log-normal distribution, the log-negative
generalized Rice distribution more accurately describes the
operationally-important transmission distribution tail [19]. In
the particular case, d = 0, when the beam spatially fluctuates
around the center of the receiver’s aperture such fading can be
described by the log-negative Weibull distribution [19] [20],
p (η) =
2L2
σ2bλη
(
2 ln
η0
η
)( 2λ)−1
exp
(
− L
2
2σ2b
(
2 ln
η0
η
)( 2λ ))
(5)
for η ∈ [0, η0], with p (η) = 0 otherwise. Here, σ2b is the
beam wander variance, λ is the shape parameter, L is the
scale parameter, and η0 is the maximum transmission value.
The latter three parameters are given by
λ = 8h exp(−4h)I1[4h]1−exp(−4h)I0[4h]
[
ln
(
2η20
1−exp(−4h)I0[4h]
)]−1
L = β
[
ln
(
2η20
1−exp(−4h)I0[4h]
)]−(1/λ)
η20 = 1− exp (−2h) ,
(6)
where I0 [.] and I1 [.] are the modified Bessel functions, and
where h = (β/W )2, with β being the aperture radius and W
the beam-spot radius.
Note that, assuming fixed values for W and β, the trans-
mittance mean value 〈η〉 always decreases with increasing σb.
Also note, that the uplink (ground-to-satellite) first traverses
the atmosphere followed by a larger-scale free-space traversal,
whereas the downlink (satellite-to-ground) does the opposite.
For the case of fixed fading parameters W and β, this means
that in general the beam wander variance σ2b for the uplink
is significantly larger than the downlink [1]. Finally, note that
the rate of atmospheric fluctuations we consider are of order
kHz, which is at least a thousand times slower than typical
transmission/detection rates [1], [20]. This means that channel
measurements can be obtained at the cost of additional (clas-
sical) transmission/receiver complexity. We will assume that
such measurements are in place at the ground receivers (only)
in our first two schemes. As we shall see, in order to optimize
our third scheme (entanglement swapping) we will need the
additional complexity of classical channel measurements at the
satellite. Channel measurements could be made via several
schemes - e.g., via coherent (classical) light pulses that are
intertwined with the quantum information or via the traversal
through the atmosphere of a local oscillator [24]. We will
explore later the cost (in terms of Gaussian entanglement) of
removing this additional classical complexity.
A. Direct Transmission Entanglement
The direct transmission scheme illustrated in Fig. 1(a) is
now analyzed and the CM of the output state calculated.
Let us consider the ground station A initially possessing a
Gaussian two-mode entangled squeezed state. We assume one
mode remains at the ground station while the other mode
is transmitted over the fading uplink to the satellite, then
perfectly reflected in the satellite and sent through the fading
downlink toward the ground station B. As a result, depending
on the initial degree of entanglement, there would exist an
entangled state between the two ground stations. Note that
we assume the separate uplink and downlink channels are
independent and non-identical.
Now let us assume that the initial entangled states are two-
mode squeezed vacuum states with squeezing r, then their
initial CM can be written
Mi =
(
v I
√
v2 − 1Z√
v2 − 1Z v I
)
, (7)
where v = cosh (2r), r ∈ [0, ∞), and Z = diag (1,−1).
Note, the initial entangled states can be coherently displaced
without changing the above CM.
After transmission of the optical mode through the uplink
and then reflection through the downlink with probability den-
sity distributions pAS (η) and pSB (η), respectively, the CM of
the two-mode state at the ground stations for two realization
of the transmission factors η (uplink) and η′ (downlink) can
be constructed. It is straightforward to show that assuming no
additional noise sources this CM is given by
Mη η′ =
(
v I
√
η η′
√
v2 − 1Z√
η η′
√
v2 − 1Z (1 + η η′ (v − 1)) I
)
. (8)
Therefore, the elements of the final CM of the resulting mixed
state are calculated by averaging the elements of Mη η′ over
all possible transmission factors of the two fading channels
giving
M =
(
v I c Z
cZ b I
)
, where
b =
∫ η0
0
∫ η′0
0 pAS(η) pSB(η
′) (1 + η η′ (v − 1)) dη dη′
c =
∫ η0
0
∫ η′0
0 pAS(η) pSB(η
′)
√
η η′
√
v2 − 1 dη dη′.
(9)
Note that since η and η′ are random variables, the final state
ensemble is a non-Gaussian mixture of the Gaussian states
obtained for each realization of η and η′. Note also, in this
scheme it is only the combined channel transmissivity ηη′ that
is measured at the ground station B.
B. Satellite-based Entanglement
In this section the quantum communication scheme in
Fig. 1(b) is analyzed and CM of the output state between the
terrestrial stations is computed. Here a two-mode entangled
state is directly generated within the satellite, with both
modes then sent over separate fading downlinks to the ground
stations. Again we assume that the initial entangled state is a
two-mode squeezed state described by CM Mi of (7). After
distribution of the modes through the downlink to station A
and downlink to station B characterized by probability density
distributions pSA (η) and pSB (η) respectively, the CM of the
two-mode Gaussian state between the ground stations for each
realization of η and η′ is given by
M ′η η′ =
(
(1 + η (v − 1)) I √η η′√v2 − 1Z√
η η′
√
v2 − 1Z (1 + η′ (v − 1)) I
)
. (10)
Here, the two fading downlinks are independent and non-
identical. The elements of the final CM are simply the av-
erage of the elements of M ′η η′ over all possible fluctuating
transmission factors of the two fading channels giving
M ′ =
(
a′ I c′ Z
c′ Z b′ I
)
, where
a′ =
∫ η0
0
pSA(η) (1 + η (v − 1)) dη
b′ =
∫ η′0
0
pSB(η
′) (1 + η′ (v − 1)) dη′
c′ =
∫ η0
0
∫ η′0
0
pSA(η) pSB(η
′)
√
η η′
√
v2 − 1 dη dη′.
(11)
Again, the final state ensemble is a non-Gaussian mixture. In
this scheme, the individual channel transmissivities η and η′
are obtainable via measurements at the ground stations.
C. Entanglement Swapping
The protocol of entanglement swapping as shown in
Fig. 1(c) is now analyzed over fading channels, and the CM
of the optimal output state computed. Entanglement swapping
[25] is a standard protocol to establish entanglement between
distant quantum systems that have never interacted [26]–
[28]. It is the central mechanism of quantum repeaters [29],
enabling distribution of entanglement over large distances.
Previously, the implementations of a swapping-based protocol
in the context of CV technology has been studied mostly
through fixed attenuation channels e.g. [27], [30]. In [30],
optimal entanglement swapping with Gaussian states over a
lossy optical fiber with fixed attenuation has been analyzed,
and we build on this analysis here in the context of two
independent fading channels.
In the entanglement swapping scheme, each ground station
initially possesses a Gaussian two-mode entangled state. One
mode of each entangled state is kept by the ground station
and the second mode of each state is transmitted to the
satellite through a fading uplink. Here, the two fading uplinks
are independent and non-identical with probability density
distributions pAS (η) and pBS (η) for the station-A uplink and
the station-B uplink, respectively.
Let us consider the entangled states initially at the ground
stations to be a pair of two-mode squeezed vacuum states with
the same level of squeezing r, with modes 1 and 2 owned by
ground station A, and modes 3 and 4 owned by ground station
B. These pairs of entangled states will possess CMs described
by (7), that is
M1,2 =M3,4 =
(
v I
√
v2 − 1Z√
v2 − 1Z v I
)
. (12)
After transmission of mode 2 through the uplink from station
A and transmission of mode 3 through the uplink from station
B, prior to any interaction at the satellite the transmitted states
for each realization of η and η′ are described by two states
with CMs,
M1,2η =
(
v I
√
η
√
v2 − 1Z√
η
√
v2 − 1Z (1 + η(v − 1)) I
)
M
3,4
η′ =
(
(1 + η′(v − 1)) I √η′√v2 − 1Z√
η′
√
v2 − 1Z v I
)
.
(13)
When the two transmitted modes are received, they are
swapped via a Bell measurement at the satellite. First, trans-
mitted modes 2 and 3 are mixed through a balanced beam-
splitter, yielding output modes u and v. Then, the new
quadratures qˆu and pˆv are measured by two homodyne
detectors, providing the outcomes q′u and p′v . In order to
complete the swapping process, the satellite broadcasts the
Bell measurement results so that the two ground stations can
properly displace their modes according to the measurement
outcomes q′u and p′v. In practice, the displacements can be
weighted by gain factors to improve the quality of the swapped
entanglement. It can be shown (see Appendix A) that if the
gains applied to the displacements of modes 1 and 4 are given
by
g1 =
√
η
√
v2−1
2+(η+η′)(v−1) , g4 =
√
η′
√
v2−1
2+(η+η′)(v−1) , (14)
then the CM of the conditional state of modes 1 and 4
(averaged over all possible Bell measurements) at the ground
stations is given by
M ′′ηη′ =
(
(v − ηm) I √η η′mZ√
η η′mZ (v − η′m) I
)
,where
m = (v
2−1)
2+(η+η′)(v−1) .
(15)
The final (ensemble averaged) swapped state shared by the
ground stations is the mixture of the swapped states after each
realization of η and η′. The total CM of the resulting mixed
swapped state is obtained by averaging elements of M ′′ηη′ in
(15) over all possible transmission factors of the two fading
channels, giving
M ′′ =
(
a′′ I c′′ Z
c′′Z b′′ I
)
,where
a′′ =
∫ η0
0
∫ η′0
0
pAS(η)pBS(η
′) (v − ηm) dη dη′
b′′ =
∫ η0
0
∫ η′0
0
pAS(η)pBS(η
′) (v − η′m) dη dη′
c′′ =
∫ η0
0
∫ η′0
0
pAS(η)pBS(η
′)
√
η η′mdη dη′.
(16)
Note, in setting the gains as described above we must assume
that the satellite itself has measured each of the transmittivities
separately. Again, the final state ensemble at the ground
stations is a non-Gaussian mixture.
III. COMPARISON OF THE SCHEMES
From the final CM of each scheme the logarithmic neg-
ativity ELN is adopted as a measure of the entanglement
between the two ground stations. As noted above, the resulting
ensemble-averaged state shared by the ground stations in
each scheme is a non-Gaussian state, and as such cannot
be described completely by its first and second moments.
Therefore, the entanglement measure we compute based on
the CM of the resulting mixed state will represent only the
Gaussian entanglement between the terrestrial stations.
We simulate the performance of each of our three schemes
in terms of the Gaussian entanglement derived from the
appropriate CM. For all simulations shown calculations of
E
LN
will adopt base 2 in the logarithmic term, and the
following assumptions are adopted: (i) For each simulation,
all initial states are two-mode squeezed states with the same
initial squeezing r. (ii) Beam wander, as modeled by the
log-negative Weibull distribution, is used to characterize the
two fading channels for each scheme, with β = 1. (iii) The
two separate fading channels are assumed to be independent,
but not necessarily identical. (iv) The beam wander stan-
dard deviations σb AS , σb SA , σb BS , σb SB for the four
possible link traversals satisfy σb SA = k1 σb AS , σb BS =
k2 σb AS , σb SB = k1 k2 σb AS , σb AS = σb, where 0 ≤
k1 ≤ 1 and k2 ≥ 0. This allows us to parametrize the
beam wander dependence on geometries and communication
direction in terms of the three independent parameters, σb, k1
and k2. For clarity the apertures (and beam-spot radii) will be
assumed the same at satellite and ground station - we allow the
beam wander alone to model different losses at these devices
(when in receive mode).
Figs. 2-4 show the final Gaussian entanglement of the three
communication schemes as a function of beam wander stan-
dard deviation σb (normalized to β) in the uplink from station
A, and the squeezing level r of the initial entangled states. The
parameters shown in Figs. 2-4 correspond to channels with
losses of roughly 4dB through 8dB (at σb = 1) in the uplink.
They thus represent low-loss channels such as HAP-LEO
satellite channels where the effects of the turbulent atmosphere
are relatively small [21]. Such channels are also typical of
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Fig. 2. (Color online) Logarithmic negativity ELN of the two-mode state
at the ground stations resulting from the direct transmission (top figure),
Satellite-based entanglement generation (middle figure) and the entanglement
swapping (bottom figure). The results are shown with respect to the beam
wander standard deviation σb in the uplink, and the squeezing level r. Here,
β/W = 1 , k1 = 0.5 , k2 = 0.64. These parameters for σb = 0.7 lead to
a mean loss of 3dB for the uplink from station A.
short-length (∼km) atmospheric FSO links as expected at
ground level [20].
Considering each scheme, it is evident that an increase in
σb reduces entanglement while increasing the input squeezing
is able to partly compensate its negative effect. For a large
squeezing level we see the output logarithmic negativity
degrades with increasing squeezing since strongly squeezed
states are more sensitive to fading. However, the main point
we wish to draw from these results is that although the
satellite-based entanglement generation scheme is always best,
its advantage over the direct transmission scheme is rather
small in the low-loss channels considered in Figs. 2-4. We
do note that satellite-based entanglement generation holds a
channel advantage in that it does not utilize any uplink. As
such, increases in the quality of the downlink channel relative
to an uplink channel, beyond that examined here, will lead
to a corresponding increase in the entanglement advantage for
the satellite-based entanglement scheme relative to the other
schemes.
We also note that the direct transmission scheme can always
be configured to deliver a better entanglement outcome than
the entanglement swapping scheme. For low values of input
squeezing, the swapped Gaussian entanglement between the
two terrestrial stations is smaller than the final Gaussian entan-
glement of the direct transmission. However, for some channel
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Fig. 3. (Color online) Same as Fig. 2 except here β/W = 0.5. These
parameters for σb = 0.7 lead to a mean loss of 5.4dB for the uplink from
station A.
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Fig. 4. (Color online) Same as Fig. 2 except here, β/W = 0.4. These
parameters for σb = 0.7 lead to a mean loss of 6.7dB for the uplink from
station A.
parameters (e.g. see Fig. 2) there are values in the high-
squeezing regime for which the swapping-based scheme can
lead to more entanglement than direct transmission. However,
for each level of σb, if the optimal amount of squeezing
for initial entangled states is used, direct transmission can
always be configured to distribute better entanglement than the
swapping scheme. Indeed, we can show that for any fading
channel, entanglement swapping can never lead to any im-
proved entanglement generation relative to direct transmission
(see Appendix B). These observations on CV entanglement
swapping in relation to direct transmission have been noted
before for the case of fixed attenuation (non-fading) channels
[30].
Beyond noise terms introduced via atmospheric turbulence,
additional losses and noise can occur at the detector including
background light, dark counts, and electronic noise. Losses in
the receiver components are typically well below atmospheric
losses, and can be accounted for by modification to the esti-
mated transmission factors. Background light can be controlled
by sufficient shielding and filtering and is not a serious issue
for homodyne detection [31], and dark counts are now at the
level of less than 20s−1 in modern detectors [8]. As such,
electronic noise will dominate receiver noise. Note, any other
noise (e.g., that introduced in the channel by an eavesdropper)
can be included in this receiver noise so as to form the total
excess noise.
It is possible to accommodate the introduction of electronic
noise by the appropriate addition of extra variance terms χ in
each of our covariance matrices. In our matrix Mη η′ such a
noise term appears on the lower diagonal term; in M ′η η′ on
both diagonal terms, in M1,2η in the lower diagonal term, and
in M3,4η′ on the upper diagonal term (all additional noise terms
multiplied by I).
To quantify the effect electronic noise can have (all results
shown thus far have assumed zero excess noise) we have
carried out a series of additional simulations where appro-
priate noise terms have been added for each scheme. We
have assumed the same amount of noise χ in all relevant
receivers, and simulated levels of χ in the range 0.01-0.05,
a range consistent with current detectors [32]. For such a
range we find that the Gaussian entanglement for the direct
transmission scheme is reduced by approximately 2-9 percent,
with the entanglement reduction for the other two schemes
both approximately 4-16 percent. Such results are consistent
with the fact the simulations of the direct transmission scheme
includes noise at only one receiver.
Ground-to-satellite communications are anticipated to un-
dergo much stronger losses than those illustrated in Figs. 2-4,
with single FSO uplink channels anticipated to have losses of
order 25dB and beyond [1], [2]. Under such losses, distribution
of entanglement between the ground stations will be a fruitless
endeavor without the intervention of a highly-selective post-
selection strategy.
IV. POST-SELECTION
Here, processing strategies which enhance the Gaussian
entanglement of the non-Gaussian mixed state between the
ground stations are investigated. The post-selection strategies
which occur at the receiving ground station can be based on
classical measurements of the channel transmittance, or on
quantum measurements. We are interested in quantifying the
performance of these two different measurement strategies.
Note that in both post-selection strategies Gaussification oc-
curs in the sense that the conditioned states are more Gaussian
in nature due to the enhanced concentration of low-loss states
in the final ensemble. For clarity we will study post-selection
strategies in the context of our lowest complexity scheme,
namely, the direct transmission scheme.
A. Classical Post-selection
Although fading noise diminishes Gaussian entanglement,
it also provides the possibility to recover it. Post-selection of
large transmission windows, as introduced in [20] for the case
of a single fading channel, offers a possibility for improving
the Gaussian entanglement in cases where it was strongly
diminished by the wider fading. In this scenario, a subset of
the channel transmittance distribution, with high transmittivity,
is selected to contribute to the resulting post-selected state.
For this form of post-selection to operate in our direct
transmission scheme, coherent (classical) light pulses are
reflected of the satellite in order to measure the transmittance
of the combined channel ζ = η η′ at the receiving ground
station, where again η and η′ are random variables describing
transmission factors of the uplink and downlink, respectively.
The received quantum state is kept or discarded, conditioned
on the classical measurement outcome being larger or smaller
than the post-selection threshold ζth. Providing we have a form
for the probability density distribution p(ζ), the resulting post-
selected CM can be calculated as
Mps =
(
v I cpsZ
cpsZ bpsI
)
,where
bps = 1
Ps
∫ η0η′0
ζth
p(ζ) (1 + ζ (v − 1)) dζ
cps = 1
Ps
∫ η0η′0
ζth
p(ζ)
√
ζ
√
v2 − 1 dζ .
(17)
Here, Ps is the total probability for the combined channel
transmission to fall within the post-selected region, and is
given by
Ps =
∫ η0η′0
ζth
p(ζ) dζ . (18)
Using Mps, the Gaussian entanglement in terms of the log-
arithmic negativity of the post-selected state can be computed.
This is illustrated in Fig. 5 with respect to the post-selection
threshold ζth and success probability Ps, respectively (solid
lines). Note that in these calculations no closed-form solution
for p(ζ) could be used, so a numerically determined form
was utilized. Fig. 5 explicitly shows for this specific fading
channel the trade-off in increased Gaussian entanglement (as
the threshold value increases) at the cost of lower success
probability. The other curves (dashed) in this figure relate to
quantum post-selection, which is discussed next.
B. Quantum Post-selection
As we have just seen, classical post-selection offers the
possibility of concentrating the Gaussian entanglement at the
ground station. However, this comes at additional complexity
in the transmission and detection strategy at the ground
stations, due to the requirement for ongoing reliable channel
estimation. As such, it is useful to explore how Gaussian
entanglement concentration may be possible without such
channel estimation. To investigate this we will generalize to
the combined fading channel, the distillation scheme recently
proposed by [33] for the single fading channel.
Recalling that in the direct transmission scheme, one mode
(beam A) from the initial two-mode entangled state is at
ground station A and the other mode (beam B) is transmitted
to ground station B via a relaying satellite. From Eq.(8), the
CM of the two-mode Gaussian state between the terrestrial
stations after each realization of η and η′ can be re-written as
Mηη′ =


v 0 cq 0
0 v 0 cp
cq 0 bq 0
0 cp 0 bp

 ,
bq = bp = 1 + η η
′ (v − 1) , cq = −cp =
√
η η′
√
v2 − 1.
(19)
Entanglement distillation is implemented at the receiving
ground station by extracting a small portion (beam t) of the
received mixed state using a tap beam splitter with transmit-
tivity of T and reflectivity of R = 1−T . A single quadrature
(for instance, the amplitude quadrature, qˆt) is then measured
on the tapped beam. If the measurement outcome is above
the threshold value qth, then the remaining state (beam B′)
is kept, otherwise it is discarded. The Wigner function of the
state before the beam splitter for each realization of η and η′
is given by
Wηη′ (qA, pA, qB, pB) =
exp
(
− 12RABM−1ηη′RTAB
)
4pi2
√
detMηη′
, (20)
where RAB = (qA, pA, qB, pB) . Given the Wigner function
for the vacuum state as Wv (qv, pv) = 12pi exp
(− 12 (q2v + p2v)),
the conditional Wigner function of the output state after
distillation for each realization of η and η′ is given by
W dηη′ (qA, pA, qB′ , pB′) =∫∞
qth
dqt
∫∞
−∞ dptWηη′ (qA, pA, q˜B, p˜B)Wv (q˜v, p˜v) ,
(21)
where q˜B =
√
TqB′ +
√
Rqt, p˜B =
√
TpB′ +
√
Rpt,
q˜v =
√
Tqt −
√
RqB′ , and p˜v =
√
Tpt −
√
RpB′ . From
the resultant Wigner function, W dηη′ , the moments of the
quadrature operators after the distillation for each realization
of η and η′ can be calculated [33]. Since W dηη′ is a Gaussian
distribution of the quadrature variables, these moments can be
written as
〈qA〉ηη′ =
√
R cq√
2piVt,q
exp
(
−q2th
2Vt,q
)
〈qB′〉ηη′ =
√
TR (bq−1)√
2piVt,q
exp
(
−q2th
2Vt,q
)
〈
q2A
〉
ηη′
=
R c2qqth√
2piV 3t,q
exp
(
−q2th
2Vt,q
)
+ v2Erfc
(
qth√
2Vt,q
)
〈
q2B′
〉
ηη′
=
RT (bq−1)2qth√
2piV 3t,q
exp
(
−q2th
2Vt,q
)
+
RT (bq−1)2+bq
2Vt,q
Erfc
(
qth√
2Vt,q
)
〈qAqB′〉ηη′ =
√
TR (bq−1)cqqth√
2piV 3t,q
exp
(
−q2th
2Vt,q
)
+
√
Tcq
2 Erfc
(
qth√
2Vt,q
)
,
(22)
where 〈.〉 denotes the expectation value and Vt,q = Rbq + T .
The elements of the total CM of the resulting distilled state are
calculated by averaging over all possible transmission factors
of the two fading channels giving the final distilled CM
Md =


adq 0 c
d
q 0
0 adp 0 c
d
p
cdq 0 b
d
q 0
0 cdp 0 b
d
p

 ,where
adq =
〈
q2A
〉− 〈qA〉2
bdq =
〈
q2B′
〉− 〈qB′〉2
cdq = 〈qA〉 〈qB′〉 − 〈qAqB′〉
adp =
1
Ps
∫ η0
0
∫ η′0
0
pAS(η)pSB(η
′)Pηη′ v dη dη′
bdp =
1
Ps
∫ η0
0
∫ η′0
0
pAS(η)pSB(η
′)Pηη′ (Tbp +R) dη dη′
cdp =
1
Ps
∫ η0
0
∫ η′0
0
pAS(η)pSB(η
′)Pηη′
√
Tcp dη, dη
′
〈qA〉 = 1Ps
∫ η0
0
∫ η′0
0
pAS(η)pSB(η
′) 〈qA〉ηη′ dη dη′
〈qB′〉 = 1Ps
∫ η0
0
∫ η′0
0
pAS(η)pSB(η
′) 〈qB′〉ηη′ dη dη′
〈
q2A
〉
= 1
Ps
∫ η0
0
∫ η′0
0
pAS(η)pSB(η
′)
〈
q2A
〉
ηη′
dη dη′
〈
q2B′
〉
= 1
Ps
∫ η0
0
∫ η′0
0 pAS(η)pSB(η
′)
〈
q2B′
〉
ηη′
dη dη′
〈qAqB′〉 = 1Ps
∫ η0
0
∫ η′0
0
pAS(η)pSB(η
′) 〈qAqB′〉ηη′ dη dη′,
(23)
0 0.04 0.08 0.12 0.16 0.2 0.24 0.28 0.32 0.36 0.4
0.6
0.7
0.8
0.9
1
1.1
ζth
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
ELN
qth
−6 −5 −4 −3 −2 −1 0
0.6
0.7
0.8
0.9
1
1.1
log10 Ps
ELN
Fig. 5. (Color online) Logarithmic negativity ELN of the two-mode states
at the ground stations (for the direct transmission scheme) in terms of the
classical post-selection threshold ζth (solid line in top figure), quantum post-
selection threshold qth (dashed line in top figure), and success probability
of classical/quantum post-selection Ps (bottom figure). Here, T = 0.93,
r = 1.5, β/W = 0.5 , σb = β , k1 = 0.5 , k2 = 0.64. This channel
corresponds to a mean loss of 6.4dB in the uplink, and 4.4dB in the downlink.
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Fig. 6. Logarithmic negativity ELN of the two-mode states at the ground
stations (for the direct transmission scheme) in terms of the classical post-
selection threshold ζth (top figure), and success probability of classical post-
selection Ps (bottom figure). Here, r = 1.5, β/W = 0.5, σb AS =
22β, σb SB = 2β. This channel corresponds to a mean loss of 30dB in
the uplink, and 10dB in the downlink.
and where
Pηη′ =
1
2Erfc
(
qth√
2Vt,q
)
,
Ps =
∫ η0
0
∫ η′0
0 pAS(η)pSB(η
′)Pηη′ dη dη′.
(24)
Note that here, Ps is now the total success probability of
distilling the mixed state, and Pηη′ is implicitly dependent on
η and η′ through the Wigner function W dηη′ (qA, pA, qB′ , pB′)
- but is not to be confused with p(ζ) defined for the classical
post-selection.
Using Md, the Gaussian entanglement in terms of the log-
arithmic negativity of the quantum post-selected state can be
computed. This is illustrated in Fig. 5 with respect to the post-
selection threshold qth and success probability Ps, respectively
(dashed lines). Similar to the classical post-selection, we see
the amount of Gaussian entanglement is increased by the
action of the quantum distillation. However, it is evident that
the improvement in Gaussian entanglement is more probable
by the classical post-selection. Furthermore, considering the
same success probability of each strategy, the classical post-
selection is able to generate more Gaussian entanglement
compared to the quantum post-selection protocol. Although
improvements in the quantum post-selection strategy can be
made, due to its direct selection of better channels the classical
post-selection scheme will always provide a better result.
The results described here illustrate the price to be paid
for deploying simpler transmission/detection strategies (no
channel estimation) at the ground stations.
Our final result is to look at the entanglement generation
rates in the high-loss scenario where the direct transmission
scheme is utilized with terrestrial ground stations. In such
scenarios one could expect typically 25-30dB loss in the uplink
and 5-10dB in the downlink. Fig. 6 shows an example of such
a link scenario. Here the quantum post-selection strategy is
not shown, as its success probability is found to be too small
in such high-loss scenarios. We can see from Fig. 6 that for
the specific channel shown, levels of Gaussian entanglement
at ELN > 1 can be found for success probabilities < 10−4.
These success probabilities can be multiplied by the trans-
mission rates (currently of order 108Hz) in order to obtain a
mode (pair) generation rate at ELN > 1 of 104Hz. Note, this
should only be considered as a typical rate for the duration of
a single pass of a LEO satellite - as the channel characteristics
will vary during the actual LEO pass-over timescale (which is
of order a few hundred seconds [8]).
V. CONCLUSIONS AND FUTURE DIRECTIONS
In deploying quantum communications, we are largely faced
with three options, the use of fibers, the use of free-space
channels, or the use of satellite-based communications. These
technologies are complementary and all will likely play a role
in the emerging global quantum communication infrastructure.
Fiber technology has the key advantage that once in place, an
undisturbed channel from A to B exists. However, fiber suffers
from large losses which therefore limit its distance - although
such distance limitations may be overcome by the development
of suitable quantum repeaters [29]. Replacing the fiber channel
with a free-space channel has the immediate advantage of
fewer losses [2], but such a channel is subject to potential
ground-dwelling line-of-sight (LoS) blockages, and is also
ultimately distance-limited by the visible horizon. Nonethe-
less, free-space optical communication has a role to play in
many scenarios [21], [22]. Free-space quantum communication
via satellite has the additional advantage that communication
can take place when there is no direct free-space LoS from
A to B in place. Assuming LoS from a satellite to the
two ground stations exists, satellite-based communication can
proceed. The range of this communication is also potentially
much larger than that allowed for by a direct ground-based
free-space connection (no terrestrial horizon limit and lower
losses at high altitudes). Use of satellites also allows for
fundamental studies on the impact of relativity on quantum
communications [34]. The key disadvantage of satellite-based
quantum communications is turbulence induced losses, the
subject of this work.
In this work we have explored a range of quantum com-
munication architectures anticipated to play a role in next
generation satellite-based communication systems and quan-
tified the expected entanglement generation rates they give
rise to. We have focussed on the trade-off between the quan-
tum complexity introduced at the satellite and the resultant
Gaussian quantum entanglement between two ground stations
(or HAPs). We have found that for low-loss fading channel
characteristics a low-complexity direct transmission scheme
(reflection at the satellite) will produce CV entanglement
generation rates at the ground stations not too dissimilar
from those anticipated for a scheme based on entanglement
generated at the satellite itself. For high-loss channels we find
that a direct transmission scheme can provide for useful levels
of entanglement generation. When the downlink channels can
be assured to be significantly better than uplink channels,
entanglement generation within the satellite will provide for a
corresponding significant improvement in entanglement rates
at the ground stations - albeit at the cost of embedding quan-
tum systems in the satellite. In all cases we find entanglement
swapping at the satellite to be an inferior solution.
We have also investigated the role played by post-selection
in concentrating the entanglement between the ground stations.
More specifically, we have investigated the price to be paid
if simple transmission and detection strategies are adopted at
the ground station in which no channel estimation is required.
The quantum post-selection techniques can be utilized in such
scenarios, but in general will provide reduced entanglement
outcomes relative to classical post-selection techniques based
on channel estimation. In high-loss channels classical post-
selection is required.
Given the losses anticipated in satellite-based communi-
cations, future work should focus on additional effects that
lead to enhanced protection of entangled modes transmitted
through a turbulent atmosphere. Of particular value would be
the use of coding techniques applied to the CV states, use
of non-Gaussian states as initial transmission modes, and use
of quantum feedback control between the two ground stations.
The payoff of such techniques would likely be of most value in
a direct transmission scheme. The reliability of CV versions of
quantum applications such as quantum key distribution (QKD)
[35] and quantum location verification [36] over high-loss
atmospheric fading channels are also worthy of investigation.
Consideration of hybrid CV/single-photon architectures in the
deployment of such techniques and applications would be of
particular interest. Finally, we note the application of spatial-
diversity techniques as applied to FSO communications, and
the ability of full diversity to be achieved even for transmitters
only a few cm apart [37]. The role of such diversity techniques
in compensating the large losses in uplink ground-satellite
channels is also worth exploring in the context of Gaussian
entanglement distribution.
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APPENDIX
For completeness we detail the analysis that leads to the
solutions in our adopted entanglement swapping scheme.
Here, we follow closely the fixed-attenuation analysis of [30],
generalizing it to the case of combined fading channels.
A. Entanglement Swapping Covariance Matrices
Here we wish to highlight how (14) and (15) of the main text
are derived. Let us consider entanglement swapping involving
two pairs of entangled modes, one pair consists of modes 1 and
2 and the second pair consists of modes 3 and 4. We assume
that the two pairs are described by two Gaussian states, having
different CMs and zero first moments, i.e.,
M1,2 =
(
aI C
CT bI
)
, C = diag (c+, c−)
M3,4 =
(
dI F
FT eI
)
, F = diag (f+, f−)
〈
Rˆ1,2
〉
=
〈
Rˆ3,4
〉
= 0.
(25)
In the Wigner function formalism, the initial 4-mode state is
described by the product of the Wigner function of two input
states
Win(R1,2,3,4) = Win(R1,2) Win(R3,4)
Win(Ri,j) ∝ exp(− 12Ri,j M−1i,j RTi,j),
(26)
where i, j ∈ {1, 2, 3, 4}. The inverse of CMs, M1,2 and M3,4
can be computed as
M−11,2 = (λij) =


b
ab−c2
+
0 −c+
ab−c2
+
0
0 b
ab−c2
−
0 −c−
ab−c2
−−c+
ab−c2
+
0 a
ab−c2
+
0
0 −c−
ab−c2
−
0 a
ab−c2
−


M−13,4 = (γij) =


e
de−f2
+
0 −f+
de−f2
+
0
0 e
de−f2
−
0 −f−
de−f2
−−f+
de−f2
+
0 d
de−f2
+
0
0 −f−
de−f2
−
0 d
de−f2
−

 .
(27)
Thus, the Wigner function of the 4-mode state before the
swapping can be given as
W
in
(R1,2,3,4) ∝
exp
(− 12 (R1,2M−11,2 RT1,2 +R3,4M−13,4 RT3,4)) =
exp
{− 12 (λ11 q21 + λ33 q22 + λ22 p21 + λ44 p22
γ11 q
2
3 + γ33 q
2
4 + γ22 p
2
3 + γ44 p
2
4
+2λ13 q1q2 + 2λ24 p1p2 + 2γ13 q3q4 + 2γ24 p3p4}) .
(28)
The swapping is first performed by mixing two modes 2 and
3 through a balanced beam splitter, yielding output modes u
and v which at the level of quadrature variables are described
by
qu =
1√
2
(q2 − q3) , pu = 1√2 (p2 − p3)
qv =
1√
2
(q2 + q3) , pv =
1√
2
(p2 + p3) .
(29)
With these relations, the Wigner function of the new 4-
mode state after the beam-splitter, WBS(R1,4,u,v), can then
be obtained from the Wigner function (28), namely
WBS(R1,4,u,v) ∝ exp(−1
2
R1,4,u,v M
−1
1,4,u,v R
T
1,4,u,v), (30)
where
R1,4,u,v = (q1, p1, q4, p4, qu, pv, qv, pu)
M−11,4,u,v =


λ11 0 0 0
0 λ22 0 0
0 0 γ33 0
0 0 0 γ44
kλ13 0 −kγ13 0
0 kλ24 0 kγ24
kλ13 0 kγ13 0
0 kλ24 0 −kγ24
kλ13 0 kλ13 0
0 kλ24 0 kλ24
−kγ13 0 kγ13 0
0 kγ24 0 −kγ24
1
2δ1 0
1
2δ3 0
0 12δ2 0
1
2δ4
1
2δ3 0
1
2δ1 0
0 12δ4 0
1
2δ2


,
(31)
and where
δ1 = λ33 + γ11 , δ2 = λ44 + γ22,
δ3 = λ33 − γ11 , δ4 = λ44 − γ22 , k =
√
2
2 .
(32)
Then, the new quadratures qˆu and pˆv are measured with two
homodyne detectors, providing the outcomes q′u and p′v with
probability P (q′u, p′v). As a result of this measurement, the
initial 4-mode state conditionally collapses into a 2-mode
state consisting of modes 1 and 4. The Wigner function
of this conditional output state is obtained by integrating
WBS(R1,4,u,v) over the unmeasured quadratures qv, pu, giving
Wcond(R1,4) ∝
∫ ∫
WBS(R1,4,u,v) dqv dpu
∣∣
qu=q′u, pv=p
′
v
(33)
To make progress we use the partial Gaussian integral formu-
lation for n variables for the case where we wish to integrate
over the last n−m of them, viz.,
∫
. . .
∫
exp
[− 12qTQq] dqm+1 . . . dqn
∝ exp{− 12uTUu} ,
(34)
where
Q =
(
U0 V
V T W0
)
, U = U0 − V W−10 V T ,
q =
(
u
w
)
, u =


q1
.
.
.
qm

 , w =


qm+1
.
.
.
qn

 .
(35)
Comparing (34) with our problem for integrating
WBS(R1,4,u,v) over the quadratures qv, pu, we will have
U0 =


λ11 0 0 0 kλ13 0
0 λ22 0 0 0 kλ24
0 0 γ33 0 −kγ13 0
0 0 0 γ44 0 kγ24
kλ13 0 −kγ13 0 12δ1 0
0 kλ24 0 kγ24 0
1
2δ2


V =


kλ13 0
0 kλ24
kγ13 0
0 −kγ24
1
2δ3 0
0 12δ4


, W0 =
(
1
2δ1 0
0 12δ2
)
q = R1,4,u,v , u =


q1
p1
q4
p4
qu
pv


, w =
(
qv
pu
)
.
(36)
The Wigner function for the conditional state of modes 1 and
4 is then given by
W
cond
(R1,4) ∝ exp
{− 12uTUu}
U =


U11 0 U13 0 U15 0
0 U22 0 U24 0 U26
U13 0 U33 0 U35 0
0 U24 0 U44 0 U46
U15 0 U35 0 U55 0
0 U26 0 U46 0 U66


(37)
where
U11 =
e(b+d)−f2+
a(de−f2
+
)+e(ab−c2
+
)
, U13 =
−c+f+
a(de−f2
+
)+e(ab−c2
+
)
U15 =
−√2ec+
a(de−f2
+
)+e(ab−c2
+
)
, U22 =
e(b+d)−f2
−
a(de−f2
−
)+e(ab−c2
−
)
U24 =
c−f−
a(de−f2
−
)+e(ab−c2
−
)
, U26 =
−√2ec−
a(de−f2
−
)+e(ab−c2
−
)
U33 =
a(b+d)−c2+
a(de−f2
+
)+e(ab−c2
+
)
, U35 =
√
2af+
a(de−f2
+
)+e(ab−c2
+
)
U44 =
a(b+d)−c2
−
a(de−f2
−
)+e(ab−c2
−
)
, U46 =
−
√
2af−
a(de−f2
−
)+e(ab−c2
−
)
U55 =
2ae
a(de−f2
+
)+e(ab−c2
+
)
, U66 =
2ae
a(de−f2
−
)+e(ab−c2
−
)
.
(38)
From the above we can see that the first moments of the
conditional output state depends on the measurement results q′u
and p′v and each of the four quadratures will be proportional to( −q′uU15,−p′v U26,−q′u U35,−p′v U46 )T . Let us consider
U ′ as
U ′ =


U11 0 U13 0
0 U22 0 U24
U13 0 U33 0
0 U24 0 U44

 . (39)
Thus, the CM of the conditional state of modes 1 and 4 can
be obtained by inverting U ′ to give
M
1,4
=


a− c
2
+
b+d 0
c+f+
b+d 0
0 a− c
2
−
b+d 0 − c−f−b+d
c+f+
b+d 0 e−
f2+
b+d 0
0 − c−f−
b+d 0 e −
f2
−
b+d

 . (40)
By setting the matrices of (13) to those of (25), we find
(40) leads to (15). However, the protocol is not complete. A
final subtlety is that as it stands this matrix represents the
outcome for a one-shot Bell measurement. We still have to
average over all Bell measurement results. But as we now
show if we optimize our choice of gains in the displacement
procedure of the protocol, we will arrive at (15) as the final
CM averaged over all Bell measurement results (for a specific
channel realization).
In order to complete the swapping process, the measurement
results are broadcast so that modes 1 and 4 can properly
be displaced according to the measurement outcomes q′u and
p′v. In practice, the displacements should be weighted by
gain factors so as to improve the quality of the swapped
entanglement. In terms of the quadrature operators, these
conditional displacements can be expressed as{
qˆ1 → qˆ1 − g1
√
2q′u
pˆ1 → pˆ1 + g1
√
2p′v
,
{
qˆ4 → qˆ4 + g4
√
2q′u
pˆ4 → pˆ4 + g4
√
2p′v
(41)
where g1 and g4 are the gain factors for the displacement of
modes 1 and 4, respectively.
Using (41) the first moments of the four quadratures of the
displaced conditional state Wdis(R1,4) are then proportional
to
√
2


q′u
−g1(e(b+d)−f2+)−g4c+f++ec+
a(de−f2
+
)+e(ab−c2
+
)
p′v
g1(e(b+d)−f2−)+g4c−f−+ec−
a(de−f2
−
)+e(ab−c2
−
)
q′u
g4(a(b+d)−c2+)+g1c+f+−af+
a(de−f2
+
)+e(ab−c2
+
)
p′v
g4(a(b+d)−c2−)+g1c−f−+af−
a(de−f2
−
)+e(ab−c2
−
)


. (42)
The Wigner function of the output state averaged over all
possible Bell measurements is therefore given by
Wens(R1,4) =
∫ ∫
P (q′u, p
′
v )Wdis(R1,4) dq
′
u dp
′
v , (43)
where P (q′u, p′v ) is the probability density of the Bell measure-
ment outcomes. This average leads to a zero-mean two-mode
Gaussian state with the following CM
Mens =


m11 0 m13 0
0 m22 0 m24
m13 0 m33 0
0 m24 0 m44


m11 = a+ (b+ d)g
2
1 − 2c+g1
m22 = a+ (b+ d)g
2
1 + 2c−g1
m33 = e+ (b + d)g
2
4 − 2f+g4
m44 = e+ (b + d)g
2
4 + 2f−g4
m13 = c+g4 + f+g1 − g1g4(b + d)
m24 = c−g4 + f−g1 + g1g4(b + d).
(44)
The optimal choice of gains are those for which all terms of
(42) equal zero. In such a case the CM of the averaged state
(44) is equal to that of the conditional state in (40). Assuming
phase-independent gains, this optimal point is obtained for
c+ = −c− =: c and f+ = −f− =: f , and
g1 =
c
b+ d
, g4 =
f
b+ d
, (45)
and the CM of (40) is obtained. Again by inspecting matrices
(13) and (25), we find (45) leads to (14).
B. Effective Loss Channels
As shown by [38], any CM of the standard form
Ms =
(
a I cZ
cZ b I
)
(46)
(a, b, c ∈ R) which satisfies the uncertainty principle and is
entangled (the positive partial transpose (PPT) criterion for
separability is violated [39]), is equivalent to the CM of a
lossy two-mode squeezed state with effective squeezing re
and effective channel transmissions ηae and ηbe for the first
and second modes, respectively. These effective parameters
are given by
cosh(2re) =
c2+(a−1)(b−1)
c2−(a−1)(b−1) ,
ηae =
a−1
cosh(2re)−1 , η
b
e =
b−1
cosh(2re)−1 .
(47)
Therefore, the CM for each realization of η and η′ which are
given by (8), (10) and (15) for direct transmission, satellite-
based entanglement generation and swapping, respectively,
can all be re-written in the context of lossy two-mode
squeezed states (of course the first two schemes can be
directly seen as loss channels). Averaging over all possible
values of η and η′, total effective transmittivities and total
effective squeezing can be computed for all three schemes as
follows.
(i) Direct transmission:
cosh(2r) = v , ηa = 1
ηb =
∫ η0
0
∫ η′0
0
pAS(η) pSB(η
′) η η′ dη dη′.
(48)
(ii) Satellite-based entanglement generation:
cosh(2r′) = v
ηa
′
=
∫ η0
0 pSA(η) η dη , η
b′ =
∫ η′0
0 pSB(η) η
′ dη′.
(49)
(iii) Entanglement swapping:
cosh(2r′′) =
∫ η0
0
∫ η′0
0 pAS(η) pBS(η
′) cosh(2 r′′η η′)dη dη
′
cosh(2r′′η η′) =
(η2+η′2)(1−v)+ηη′(v2+3)+(η+η′)(v−3)+2
(η+η′−1)((η+η′)(v−1)+2)
ηa
′′
=
∫ η0
0
∫ η′0
0 pAS(η) pBS(η
′)
−(η+η′−1)(v−1)
(η(1−v)+2(η′−1))dη dη
′
ηb
′′
=
∫ η0
0
∫ η′0
0
pAS(η) pBS(η
′)
−(η+η′−1)(v−1)
(η′(1−v)+2(η−1))dη dη
′.
(50)
Given the following constraints; 1 < v < ∞, 1 <
cosh(2r′′) < ∞, and 0 ≤ ηa ≤ 1 (likewise
ηb, ηa
′
, ηb
′
, ηa
′′
, ηb
′′ ) it is straightforward to show that the
total effective transmittivity ηa′′ηb′′ for the swapping scheme
is always less than or equal to ηaηb for direct transmission.
In addition, we know that in practice, the overall effective
transmittivity ηa′ηb′ for the satellite-based entanglement gen-
eration is larger than the overall transmittivity ηaηb for the
direct transmission since the mean value of the transmittance
for the fading downlink is always larger than that for the
fading uplink. Therefore, the result that the order of the best
performance is (1) satellite-based entanglement generation, (2)
direct transmission, (3) entanglement swapping, is a result that
in practice will hold.
